Dissipation is regarded as a disadvantage for many sensing and control applications, and with good reason: dissipation leads to the decay of signals and to the introduction of noise. Nevertheless, there are situations in which precise control over a system may allow dissipation to serve as a resource. For example in a system of coupled harmonic oscillators, damping means that the system is non-Hermitian and so cannot (in general) be described in terms of orthogonal normal modes and real-valued eigenfrequencies. Recent work has demonstrated a number of ways in which nonHermitian dynamics, non-orthogonal normal modes, and complex-valued eigenfrequencies can be used as a resource. For example, modest changes in the oscillators' parameters can dramatically alter the flow of energy within the system, leading to unidirectional transport and loss-induced transparency, 16, 17 chiral modes 18, 19 , enhanced mode selectivity, 20, 21 and loss-induced lasing 22 . In addition, the normal modes' non-orthogonality can lead to interferences in the system's response
times their linewidth and coupling rate, and use adiabatic topological operations to transfer energy between these modes. This scheme can be readily implemented in many physical systems, potentially extending the utility of non-Hermitian dynamics to a much wider range of settings.
Dissipation is regarded as a disadvantage for many sensing and control applications, and with good reason: dissipation leads to the decay of signals and to the introduction of noise. Nevertheless, there are situations in which precise control over a system may allow dissipation to serve as a resource. For example in a system of coupled harmonic oscillators, damping means that the system is non-Hermitian and so cannot (in general) be described in terms of orthogonal normal modes and real-valued eigenfrequencies. Recent work has demonstrated a number of ways in which nonHermitian dynamics, non-orthogonal normal modes, and complex-valued eigenfrequencies can be used as a resource. For example, modest changes in the oscillators' parameters can dramatically alter the flow of energy within the system, leading to unidirectional transport and loss-induced transparency, 16, 17 chiral modes 18, 19 , enhanced mode selectivity, 20, 21 and loss-induced lasing 22 . In addition, the normal modes' non-orthogonality can lead to interferences in the system's response to its environment 12, 13 . These interferences can be used to reduce thermal noise and to achieve improved signal-to-noise ratio for some applications.
Many of these features can be understood as resulting from the presence of an exceptional point (EP) in the system's spectrum. An EP (also known as a non-Hermitian degeneracy) is a degeneracy at which the complex eigenvalues and normal modes both coalesce, 3 and has been observed in a wide range of physical systems. 6, 18, 23, 22, 7, 8, 9, 24, 19 In the vicinity of an EP, the eigenvalues undergo a generalized version of the avoided crossings that occur in Hermitian systems in the vicinity of a conventional (i.e., Hermitian) degeneracy. The phenomena described in Refs. [16, 12, 13, 14, 7, 18, 19, 22] largely reflect the EP's impact upon the spectrum's local properties. However the spectrum's global properties are also qualitatively altered by the presence of an EP. Specifically, an EP reflects a non-trivial topology in the eigenvalues' dependence upon the system's parameters. In the simplest case, the eigenvalue surfaces possess the same topology as the Riemann sheets of the complex square-root function. This topological structure is most directly manifested in adiabatic transport. Specifically, if a normal mode of the system is initially excited and then the system's parameters are slowly varied in a closed loop (so as to return them to their initial value) that encloses an EP, then the remaining excitation will be transferred to the other normal mode participating in the EP 25, 26, 27 . On the other hand, if the loop does not enclose the EP then the excitation will remain in the original mode. Additionally, the non-Hermitian dynamics during the operation ensures that this topological energy transfer (TET) is nonreciprocal with respect to both the sense of the control loop and the choice of which mode is initially excited. 5, 28, 29 TET and the associated nonreciprocity arise from interplay between the modes' coupling to each other and to their dissipative environment. In practice it is challenging to ensure that both are relevant, and so to date TET has been achieved only between pairs of modes that are nearly degenerate with each other. 9, 15 This limits TET to systems in which precise fabrication or in situ tuning can be used to realize nearly-degenerate modes. Even then, TET can only occur in a small subset of the mode pairs.
In cavity optomechanical systems, in situ tuning can be provided by the interaction of an optical cavity mode with the various vibrational modes of a mechanical element. Elimination of the cavity dynamics leaves the mechanical modes as oscillators whose frequencies, couplings, and dampings can be controlled via laser excitation of the cavity. 30 In previous work on TET, 9 this approach provided the real-time parametric control needed to encircle an EP; however the only accessible EPs were those between the few pairs of mechanical modes whose near-degeneracy was engineered via the mechanical element's precise fabrication.
Here we show that the same optomechanical interaction can be used to eliminate the requirement of near degeneracy. This is accomplished by using an additional laser tone to bridge the frequency gap between well-separated mechanical modes, producing an EP in an appropriately defined frame which we refer to as a virtual EP (VEP). We show that this VEP offers the same features as the conventional one, including non-reciprocal TET.
The system consists of a mechanical oscillator and an optical cavity which are kept at temperature T = 4.2 K. The mechanical oscillator is a silicon nitride membrane with dimensions 1 mm × 1 mm × 50 nm. Instead of using a pair of nearly degenerate modes as in Ref. [9] , we use two modes whose frequencies are well separated, with bare values (i.e., without light in the cavity) ω1/2π = 557.473 kHz and ω2/2π = 705.164 kHz. The modes' bare damping rates are γ1/2π = 0.39
Hz and γ2/2π = 0.38 Hz. When the cavity is driven by a laser the optomechanical interaction alters the mechanical frequencies and linewidths via the well-known optical spring and damping effects. 30 However these effects are not strong enough to couple modes whose frequencies differ by ~ 150 kHz. To overcome this problem, we drive the cavity with two lasers having detunings Δ1 ≈ -ω1 and Δ2 ≈ -ω2 as illustrated in Fig. 1a . Qualitatively, this ensures that motion of mode 1 (2) at a frequency ≈ ω1 (ω2) produces a sideband from laser 1 (2) that is approximately resonant with the cavity, and that beating between this sideband and laser 2 (1) causes the intracavity intensity to oscillate at a frequency ≈ ω2 (ω1). This arrangement (illustrated in Fig. 1b) ensures that nearresonant motion of one mode exerts a near-resonant force on the other mode despite their large frequency difference.
To provide a quantitative description, we consider the equations of motion for the two mechanical modes and the cavity field (including the drive lasers) and then integrate out the cavity field (Methods). The dynamics of the two mechanical modes is then given by the effective
where the self-coupling rates
reflect the usual optical spring and damping from each laser. The coupling between the two modes arises explicitly from the two-laser drive and is given by
where m ≠ n. In these expressions
is the cavity susceptibility, g1,2 are the optomechanical coupling rates, P1,2 and Ω1,2 are the input powers and frequencies of the driving lasers, κ/2π = 180 kHz is the cavity linewidth, and κin/2π = 70 kHz is the cavity input coupling rate. The system is controlled by varying the powers and detunings of the drive lasers, and the mechanical modes are monitored via a heterodyne measurement that uses a third laser which addresses a separate cavity mode with constant power and detuning (a detailed description of the apparatus is given in Ref. [9] ). The single-mode optomechanical effects described by the σnn are orders of magnitude smaller than the separation between the two mechanical modes (ω1 -ω2)/2π
≈ 150 kHz; however as shown below, the system still possesses an EP that allows for TET.
To demonstrate the existence of an EP we measure the spectrum of the mechanical modes as a function of the laser powers and detunings. We fix P1 = P2 ≡ P and define the common detuning
The parameter δ determines the overall detuning of the coupling process shown in Fig. 1b To determine whether control loops enclosing the VEP show the same nonreciprocity as for a conventional EP, 9, 5, 28, 29 we measured ε for loops encircling the VEP in either the counter-clockwise (CCW) or clockwise (CW) sense, and with the initial excitation either in mode 1 or mode 2. For each of the four possible combinations, the same loop shape was employed: Δmin/2π = -604 kHz, Δmax/2π =376 kHz, Pmin = 0.08 μW, and Pmax = 8.3 μW. Figure 4 shows ε(τ) for each of these cases.
In all four cases ε → 0 as τ → 0, as expected for a sudden perturbation. However in the adiabatic limit we find that ε → 1 when mode 1 (2) is initially excited and the loop is CCW (CW), but that ε → 0 when mode 2 (1) is initially excited and the loop is CCW (CW). As in the case of a conventional EP, this nonreciprocity reflects the fact that adiabatic evolution tries to follow the topological structure of the spectrum, while the differential loss between the two modes tends to leave excitations primarily in the less-damped mode. 5, 28, 29 In conclusion, we have demonstrated a simple protocol by which the standard cavity optomechanical interaction can be used to engineer exceptional points between arbitrary pairs of mechanical modes. We have used this protocol to perform nonreciprocal and topological energy transfer between modes with widely spaced frequencies. Prior to this work, topological energy transfer had relied on pairs of nearly-degenerate modes, which typically require precision fabrication and which restricts these operations to a small fraction of mode pairs. In contrast, the protocol demonstrated here can be used in any cavity optomechanical device (without the need for pre-existing nearly-degenerate modes) and can be applied to any pair of modes. This should extend topological control to a much wider range of devices, including those that are optimized for strong optomechanical coupling, incorporation into hybrid systems, and access to quantum effects. Fig. 1(c,d) . These simulations agree well with the data for all control loops, regardless of whether or not the loops pass close to the VEP. Heff, using the parameters determined by the fit in Fig. 1(c,d) . Rapid loops (τ → 0) result in vanishing energy transfer ε → 0 in all four cases. For adiabatic encircling, ε depends on the sense of the loop and the initial condition. For counterclockwise (clockwise) loops, ε → 1 as τ increases when mode 1 (2) is initially driven, and ε → 0 when mode 2 (1) is initially driven. 
